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1. Introduction and Preiminaries

LetD be the open unit disk in the complex planhd its boundarydA(z)% dxdy = %rdrdethe

normalized area measuredyH* the space of all bounded holomorphic functionsDowith the
norm||f||e = sup, eplf(2)|, H(D) the class of all holomorphic functions Bn

Let

, a,z € D,

Ya(z) =22

(1-az)
That is, the involutive automorphism Bfinterchanging pointa and0.

Fora > 0, the familyK, of fractional Cauchy transforms is the collectiohfunctionsf €
H(D) which are represented as

f@=IT du($)(z € D). (L1

1
a-7¢«

for someu € M, the space of all complex Borel measuréloithe principal branch is used in
the power function in (1.1) and throughout the t#dhe paper. The spa&g is a Banach space with
respect to the norm

1flk, = infueaclllull: f(2)is given by(1.1)}, (1.2)

where||,u|| denotes the total variation of measur&he spac#&, may also be written d§, =

(K)o + (K)s , Where (K,), is isometrically isomorphic tdr/H3 , the closed subspace Mf of
absolutely continuous measure a(id, ), is isomorphic tav(;,the closed subspace »f of singular
measures. Moreover, fgr € K,,

f@1 < |Ifll, / (1= 1zD%z € ). (1.3)
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For more about these spaces see [1],[2], [3][64]17]. [8]. [9], [10].

The logarithmic weighted spaﬂéfn(]]))) = Alﬁn consists of allf € H(D) such that

2
IF1 1yg = supren(l = 127 1f (@D)lin = <eo

With the norm|. 5 the spacelﬁnis a Banach space.
In

Lety € H(DD) andg be a holomorphic self-map Bf. For a non-negative integerwe define a
linear operatoWlﬁ¢ as follows:

Wief=9.f™o g
for fe H(ID).The operatoWIl’},(p is called a weighted composition operator.

It is of interest to provide function- theoreticachcterization of boundedness and compactness
of WJ},(,, from the space of fractional Cauchy transformditf@rent spaces of holomorphic functions.

For some recent results in this area, see [11],[13], and the references therein. In this paper,
characterize boundedness and compactness of webiglmposition operators from fractional
Cauchy transforms to logarithmic weighted - typacgs. Throughout the paper constants are denoted
byC, they are positive and not necessarily the sameaelh occurrence. The notatidn= B means
there is a positive constafisuch thatd/C < B < CA.

2. Boundedness and compactnessof Wy, , : Ko — Afn

In this section, we characterize the boundedness campactness ofWJ},(p from the space of
fractional Cauchy transforms to logarithmic weightdype spaces.

Theorem lleta >0, B >0,n € N U{0}, € H(D) andgp a holomorphic self-map d. Then
w2, : K, — Ap is bounded if and only if

M. = (1-1z»? 2 -
1 = SuszTsupZE]D) |1_Z(Z)|n+a |¢(Z)| nl— IZIZ < . ( . )

Proof: First suppose that (2.1) holds. Léte K,. Then there is @ € M such thad|u|| =
1£1],,, and

f @= IT =gz dn(©

Thus, we have

f'(z)= a(e+D)(a+2).....(a+n— 1)fT(1_(§%du(C). (r.2

Replacingz in (2.2) bye(z), using a known inequality and multiplying such abéed
inequality by

2|Z|2 |[Y(2)], we obtain

(1- |21 In—

(1= 1z 2
1Tz e Iz dkI© (2:3)

1-— 2h\a 2
Ef:—?%g%%;;|¢(z>un57:—E5;deuu<c>

f"e@) | <ala+D(@+2)....(a+n-1)f

<a(a+D(a+2).....(a+n—1)supsersup; ep
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— (1= 12" 2
=a(a+ D(a+2).....(a +n—1)supersup, EDW [(2)|in— PE [l]

from which it follows that

(1~ 2" B@ln=— " (@) <
(1-1z)” 2

(@ +1)(@ +2)... (€ + 1= Dsupgersup, ep noradez W@lin == |If1,

Taking the supremum over € D, we get
W5 Fllag, = sups enl Wity @) | < ala+ D@ +2) oo (a + 1= DM |If]], - (2.4)

Next suppose thal/; , : K, — Afn is bounded.

Let

fy@)= [T matu(@) . ¢ €T. 2.9)

Then ||f7||x, =1 and

neoy 3 "
fff@) = ala+D(@+2)....(a+n-1) i

From this and the boundedness of the operw;)}(pzl(a - AP we have that

in
”Wllr)lxpff”AfnS ||WJ},¢,||K‘X _)A{zn,for every{ € T and so

1-|z|3)* 2
ala+1)(a+2).....(a + n— Dsupgersup, ED% |1/)(Z)|lnl_—|z|2 < ||WJ},¢||Ka Al

Taking supremum on both sides of above inequalieyhave that (2.1) holds.
Theorem 2. Leta >0,>0,n € N U{0}, ¢y € H(D),p a holomorphic self-map db and
dA(2) = dA(2) / (1 -|z|?)?. ThenWy}, : K, — AL, is bounded if and only if

1— |z]2)2¢ 2
Ly = supgersup; el p =7 paaeee V(@) | 2251 lra (D2)2dA() < 0. (2.6)

Proof: First assume that (2.6) holds. D&€ti, (1 —|a]) / 2) ={z €D:|z—a| <1 —|al) /2}.
Since

_ 2\a 2 - _ 2\a 2
(1= lal)*in = = (1= |29 =,

(1.2) and the subharmonicity of the function

forz € D(a,(1 —|al|) / 2). Using these two facts,

- [W(2)|?
IO 7 170w

we obtained

(=) |?
Ly = Supgersupg E]D)fD(a_(l_MD /2) W (1 ya (@1*)?*dA(2)

_ Y22 (1-la®»?
—Sup(eTsupa E]D)ID(a,(l—lal) /2) [1- F¢ 02| 2(n+a) |1- az|* dA(Z)

> _ -z 22 = 2 27
-_ Sup(ETsupa eD |1_ Z (P(Z)l 2(n+a) |¢(Z) | n 1— IZIZ - 1- ( " )

Thus by theorem 1, the operaw;ﬁ(p K, - Afn is bounded.
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Next assume that the operat/lzi,,fj‘,(p 'K, - Alﬁn is bounded. By theorem 1, we have that (2.1) holds
From this, we have

1 - lal®)2
L, < Mfsupaemfmﬁdfl(z) = M?C < . (2.8)

The asymptotic relatioh, = M? follows from (2.7) and (2.8).
Proceeding as in the proof of Theorem 2careeasily prove the following lemma.
We omit the proof.

Lemmal. Lete > 0,8 > 0anddA(z) = dA(z) / (1 -]z|*)%. Thenf € Alﬁn if and only if

1= supaenfplf @DIF(1~ 12 In=5(1 Ava (DI)?dA) < =

Moreover, the following asymptotic relationshipde ||f||iﬁ =1
In

By (1.3), the unit balBy  of K, is a normal family, a standard argument from Psgm 3.11 in [9]
yields the proof of the next lemma.

Lemma 2Leta > 0,8 >0,n € N U{0},¢y € H(D), ¢ a holomorphic self-map db. TherWll'},(p :

K, - Afn is compact if and only if any bounded sequeffig,, ey in K, cOnverging to zero on
compacts subsets Bf, we have thalim,,_,., ||W1}}(pfm||Ap =0.
! in

Theorem 3.leta >0,8>0,n € N U{0}, ¥y € H(D),¢ a holomorphic self-map ob and
dA(z) = dA(z) / (1 -|z|*)* andWy;, : Ko — Afn is bounded. Then the following statements are
equivalent:

1. Wy, Ky - AP is bounded.
2. My = supgep)p(1— |23 In—=

1-|z|?

(1 -lva @I P(2) | ?dA(2) < 0 and

. 1- |z|3)%® 2
lim, L1 supcersuPa en) | peps » =7 ot mim s - IYa (DI)?I$(2) | 2dA(@) = 0. (2.9)

Proof: (1) - (2). Since Wy, : Ky — Afn is bounded, fofz) = z" / n! € K,, we get

My = supgen (1= 12122 In =1 - Ira @P)?1(2) | 2dA(2) < eo.

Let f,,(z) =z™, m € N. It is norm bounded sequence Ky converging to zero uniformly on
compact subsets of D. Hence by Lemma 2, it foIIMHWJ}(pf(HAg - 0asm - oo. Thus for
! in

everye > 0, there is am, € N such that form = m,, we have

(IT=o(m = D)2supaen  glo@PM (1 = [22)2 n =147 (DD W@ PAAE) < e.

(2.10)

From (2.9), we have that for eache (0,1)

P ([ (m = )Y5uPaen iy (1= 12122 In 2P ROIPAAE) <

(2.11)

-1
Hence for€ [ [[j-o(m — j)m-= , 1] we have
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suPaenl|pps (1= 122 I (L@ W@ 2dAR) < e. (2.12)

Let f € Bk, and fi(z) = f(tz), 0 <t <1. Thensupo<r<illfell, < fllk,, ft €Ka t €
(0, D)andf; — f uniformly on compacts subset Bfast — 1. The compactness OWJ}KP K, —

Afn implies that
lime,g [|Wyof: - Wllr)l.wf”Afn =0. Hence for everye > 0, thereis at € (0,1) such that

$uPaen gy I @)= PEP(1 = 12122 I (14ra(D PP (@) PdAR) < €

(2.13)

By inequalities (2.12) and (2.13), we have

supaen] o @@ (1= 1212 In—2

1-|z|?

1 -ra@I1*)?[Y(@)|*dA(2)

< 2supg en S plfi (0 (@) - fH@@DI* (1 — |217)** In 1_2|Z|2 1 ~1va@I*)?[Y(2)12dA(2)

2

i ¥ @)%Y (2)|2dA(2)

+ 25upgenf | s FH@@)P(1 - [21)2%In
< 2e(1+ [If711%):

Hence for every” € By, thereis ad, € (0,1), 5, = &,(f,€), such that for € (§,,1)

suPaenl|pps oM@ (1 = 1212 In = (1=l DD W(@DI?dA@) < .

1-

B

In»

From the compactness of/l/ll’}‘(p : K, — A, , we have that for everye > 0 there is a finite
collection of functionsf;, f5, f3, ... ..., fx € Bk, such that for eacfi € By , there is aj €
{1,2,3, .....k} such that

supgen) pl Q@) (9@DI* (1 — |21*)** In AHra @) W(@DPdA(2) < €. (2.14)

On the other hand, from (2.14) it follows tha8if= max; <j<6; (f;, €), thenforr € (§,1) and all
j € {1,2,3,.....k} we have

2
1-|z|?

$UPaen s S @DD(1 = 12122 (141D W@ PAAR) < €. (2.15)

From (2.14) and (2.15), we have thatfoe (§,1) and everyf € By,

$UPa e e @EN(1 = 12122 =1 Ira ()P (2) 2dA(2) < 4e. (2.16)

Applying (2.16) to the functiong (z) =1/ (1 -{2)*,{ € T, we obtain

1— 2\2a 2
SUP¢e TSUP, E]D)f|(p(z)|>r Il—(f (p(|2|)2("+“) In - Iy, @D I»?|Y(2)|2dA(2) < 4€ / (a(a + 1) (a +

2) ...(a + n — 1))%*from which (2.9) follows.

(2) = (1). Assume thaff;,}m en IS @ bounded sequenceip, say byL, converging td uniformly

on compacts o) asm — oo. Then by the Weierstrass’s theorqﬁﬁf) also converges t uniformly
on compacts ob, for eachk € N. We need to show thﬁﬂ/VJ}(pmeAg — 0asm — oo . For each
! In

m € N, we can find au,, € M With || || = ||m |, such that
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fn(@= 1T =z dm(9) (2.17)

Differentiating (2.17)n times, composing such obtained equation ¢oy applying Jensen’'s
inequality,as well as the boundedness of seqygnts < , We obtain

(@) |12 < Lala +1)(@+2) . (@ +n = DY T gl (9). (2.18)

By the second condition in (2), we have that foerge > 0 there is am; € (0,1) such that far €
(ry, 1), we have

1— [z]2)2® 2
supcersuaen s -7 g M (@ W@ < e (2.19)

By (1.3), we have

WS pfnllye = suPacnS|piie i (@WID) (1-
@D @1~ 1212 In =z dA@* supaen] peys (@ WD)~

Ve @I P@I2(1 — |2]%)2% In—2— dA(2).

1-|z|?

Using first condition in (2), (2.19), Fubini's theson and the fact thatp,,,,| Sr|f,fl")(w)|2 < €,
for sufficiently largem,sayn > m,, we have that
W5 pfllys < suPgrer fin @W)IPsubaenlipee (-
2 1- |z|3)%* 2
Va2 W@P(1= 12122 In = dA@)+supaen ) s r o7 oy Fmmm M (L
Ve @YD P dAD) It |(§) < (M3 + [1dluml(©))< (M3 + L) €.

Sincee is an arbitrary, the result follows by Lemmaz2.
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